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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Òåîðåìà 5.3 (çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà �

Âèíòíåðà)

Ïóñòü {Xn}n⩾1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ è îäèíàêîâî

ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí ñ EX1 = 0 è EX2
1 = 1. Òîãäà

êàæäàÿ òî÷êà îòðåçêà [−1, 1] ÿâëÿåòñÿ ïðåäåëüíîé (â ñìûñëå

ñõîäèìîñòè ïî÷òè íàâåðíîå) äëÿ ïîñëåäîâàòåëüíîñòè

{Sn/(2n ln lnn)1/2}n⩾1 è

lim sup
n→∞

|Sn|√
2n ln lnn

= 1 ï. í. (5.30)
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Îáîçíà÷èì, êàê è ðàíåå, an =
√
2n ln lnn ïðè n ⩾ ee. Ïîêàæåì, ÷òî

P

(
lim sup
n→∞

Sn

an
⩽ 1

)
= 1. (5.31)
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Ïóñòü 0 < δ < 1. Âûáåðåì τ > 0 íàñòîëüêî ìàëûì, ÷òîáû

α = (1 + δ)2(2− exp{
√
2(1 + δ)τ}) > 1. (5.32)

Îáîçíà÷èì X ′
j = XjI(|Xj | < (τ/2)(j/L(j))1/2), Yj = X ′

j − EX ′
j ,

S′
n =

n∑
j=1

X ′
j è Tn =

n∑
j=1

Yj .

Òîãäà EYj = 0, |Yj | ⩽ τ(j/L(j))1/2 ï. í. è

EY 2
j = DX ′

j ⩽ E(X ′
j)

2 ⩽ EX2
1 = 1.
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü {Yn}n⩾1 óäîâëåòâîðÿåò óñëîâèÿì

ëåììû 4.7 è, ñëåäîâàòåëüíî, èç 4.20) ïðè a = 1 ïîëó÷àåì

P(Tn/an ⩾ 1 + δ) ⩽ e−αL(n),

îòêóäà ñëåäóåò íåðàâåíñòâî

P(|Tn|/an ⩾ 1 + δ) ⩽ 2 e−αL(n).
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Òàêæå çàìåòèì, ÷òî Tn/an
P−→ 0, ïîñêîëüêó â ñèëó íåðàâåíñòâà

×åáûøåâà (1.3)

P(|Tn/an| ⩾ ε) ⩽
DTn

ε2a2n
⩽

n

ε2a2n
=

1

2ε2 ln lnn
→ 0.

Ïðèìåíÿÿ ëåììó 4.6, îòñþäà ïîëó÷àåì

lim sup
n→∞

Tn

an
⩽ 1 + δ ï. í. (5.33)
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Îáîçíà÷èì Zj = Xj −X ′
j = XjI(|Xj | ⩾ (τ/2)(j/L(j))1/2) è

Un =
n∑

j=1
Zj . Èñïîëüçóÿ ðàâåíñòâî EZj = −EX ′

j è ðåçóëüòàòû,

óñòàíîâëåííûå ïðè äîêàçàòåëüñòâå ëåììû 4.8, íàõîäèì, ÷òî

∞∑
n=1

|EX ′
n|/an =

∞∑
n=1

|EZn|/an ⩽
∞∑
n=1

E|Zn|/an < ∞.

Ñëåäîâàòåëüíî,

|ES′
n|

an
⩽

1

an

n∑
j=1

|EX ′
j | → 0

ïî ëåììå Êðîíåêåðà.
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Äàëåå, òàê êàê Sn = S′
n + Un = Tn + ES′

n + Un è Un/an → 0 ï. í. ïî

ëåììå 4.8, òî

lim sup
n→∞

Sn

an
⩽ lim sup

n→∞

Tn

an
+ lim sup

n→∞

ES′
n

an
+ lim sup

n→∞

Un

an
=

= lim sup
n→∞

Tn

an
ï. í.

Îòñþäà, ïðèíèìàÿ âî âíèìàíèå (5.33), ïîëó÷àåì

lim sup
n→∞

Sn

an
⩽ 1 + δ ï. í.,

÷òî, â ñèëó ïðîèçâîëüíîñòè δ, è äîêàçûâàåò (5.31).
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí {Xn}n⩾1

îáîçíà÷èì ÷åðåç C({Xn}) ìíîæåñòâî ïðåäåëüíûõ (â ñìûñëå
ñõîäèìîñòè ïî÷òè íàâåðíîå) òî÷åê ïîñëåäîâàòåëüíîñòè {Xn}n⩾1.

Ïðèìåíÿÿ (5.31) ê ïîñëåäîâàòåëüíîñòè {−Xn}n⩾1, ïîëó÷àåì

lim inf
n→∞

Sn

an
⩾ −1 ï. í. (5.34)

Èç (5.31) è (5.34) ñëåäóåò, ÷òî ñ âåðîÿòíîñòüþ 1

C({Sn/an}) ⊆ [−1, 1].
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Äîêàæåì îáðàòíîå âêëþ÷åíèå, ò. å. ÷òî ëþáàÿ òî÷êà îòðåçêà [−1, 1]
ÿâëÿåòñÿ ïðåäåëüíîé òî÷êîé ïîñëåäîâàòåëüíîñòè {Sn/an}n⩾1. Äëÿ

ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî äëÿ íåêîòîðîé ïîäïîñëåäîâàòåëüíîñòè

{nk}k⩾1 è äëÿ ëþáîãî b ∈ (−1, 1)

lim inf
k→∞

∣∣∣Snk

ank

− b
∣∣∣ = 0 ï. í. (5.35)
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Çàôèêñèðóåì b ∈ (−1, 1) è ïîëîæèì nk = kk, k ⩾ 1. Òîãäà( ank

ank+1

)2
=

( 1

1 + 1/k

)k 1

k + 1

ln k + ln ln k

ln(k + 1) + ln ln(k + 1)
,

ò. å. ank
/ank+1

→ 0 ïðè k → ∞.
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Èç óñòàíîâëåííîãî âûøå ñîîòíîøåíèÿ C({Sn/an}) ⊆ [−1, 1] ñëåäóåò,
÷òî ñ âåðîÿòíîñòüþ 1 ïîñëåäîâàòåëüíîñòü {Sn/an}n⩾1 îãðàíè÷åíà.

Îòñþäà ñëåäóåò, ÷òî

lim
k→∞

∣∣∣ Snk

ank+1

∣∣∣ = lim
k→∞

∣∣∣Snk

ank

∣∣∣∣∣∣ ank

ank+1

∣∣∣ = 0 ï. í.

Â ñèëó íåðàâåíñòâà òðåóãîëüíèêà∣∣∣Snk+1

ank+1

− b
∣∣∣ ⩽ ∣∣∣ Snk

ank+1

∣∣∣+ ∣∣∣Snk+1
− Snk

ank+1

− b
∣∣∣,

è, ñëåäîâàòåëüíî,

lim inf
k→∞

∣∣∣Snk+1

ank+1

− b
∣∣∣ ⩽ lim inf

k→∞

∣∣∣Snk+1
− Snk

ank+1

− b
∣∣∣ ï. í.
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà (5.35) äîñòàòî÷íî ïîêàçàòü, ÷òî ñ

âåðîÿòíîñòüþ 1 íåçàâèñèìûå ñîáûòèÿ Ak =
{∣∣∣Snk+1

−Snk

ank+1
− b

∣∣∣ < ε

}
ïðîèñõîäÿò áåñêîíå÷íî ÷àñòî, ÷òî ýêâèâàëåíòíî, â ñèëó ëåììû

Áîðåëÿ � Êàíòåëëè, ðàñõîäèìîñòè ðÿäà
∞∑
k=1

P(Ak).
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Ïîëîæèì αk = ank+1
, mk = nk+1 − nk. Òàê êàê ñëó÷àéíûå âåëè÷èíû

{Xn}n⩾1 íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû, òî

Snk+1
− Snk

d
= Smk

è, ñëåäîâàòåëüíî,

P(Ak) = P
(∣∣∣Smk

αk
− b

∣∣∣ < ε

)
.

Çàìåòèì, ÷òî mk = nk+1 − nk ∼ nk+1 è

αk

mk
=

ank+1

nk+1

nk+1

mk
=

(2L(nk+1)

nk+1

)1/2nk+1

mk
→ 0;

mk

α
2
k

=
nk+1

2nk+1L(nk+1)

mk

nk+1
=

1

2L(nk+1)

mk

nk+1
→ 0.
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Ñëåäîâàòåëüíî, èç ëåììû 4.9 ñëåäóåò, ÷òî ñóùåñòâóåò k0 òàêîå, ÷òî
äëÿ ëþáîãî δ > 0 è âñåõ k ⩾ k0

mk

α
2
k

lnP(|Smk
/αk − b| < ε) ⩾ −b2

2
− δ. (5.36)

Òàê êàê |b| < 1, òî b2 < |b| < |b|+ δ. Èç ýòîãî íåðàâåíñòâà è

ñîîòíîøåíèÿ mk ∼ nk+1 âûòåêàåò, ÷òî ñóùåñòâóåò k1 òàêîå, ÷òî äëÿ
âñåõ k ⩾ k1

nk+1

mk
b2 < |b|+ δ.

Îòñþäà ñëåäóåò, ÷òî äëÿ âñåõ k ⩾ k1

α
2
k

2mk
b2 =

nk+1

mk
b2L(nk+1) < (|b|+ δ)L(nk+1).
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Òàê êàê 1 < nk+1/mk → 1, òî ñóùåñòâóåò k2 òàêîå, ÷òî äëÿ âñåõ k ⩾ k2

α
2
k

mk
= 2L(nk+1)

nk+1

mk
< 3L(nk+1).

Òàêèì îáðàçîì, èç (5.36) ïîëó÷àåì äëÿ âñåõ k ⩾ k∗ = max{k0, k1, k2}

lnP(Ak) ⩾ −(|b|+ δ)L(nk+1)− 3δL(nk+1) = −(|b|+ 4δ)L(nk+1).

Âûáåðåì δ > 0 òàê, ÷òîáû 0 < δ < (1− |b|)/4. Òîãäà äëÿ âñåõ k ⩾ k∗

P(Ak) ⩾ exp{−(|b|+ 4δ)L(nk+1)} > exp{−L(nk+1)} =
1

(k + 1) ln(k + 1)
.
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Çàêîí ïîâòîðíîãî ëîãàðèôìà Õàðòìàíà � Âèíòíåðà

Äîêàçàòåëüñòâî

Ñëåäîâàòåëüíî,

∞∑
k=k∗

P(Ak) ⩾
∞∑

k=k∗+1

1

k ln k
= ∞,

÷òî è äîêàçûâàåò (5.35).

Èç äîêàçàííîãî ñîîòíîøåíèÿ C({Sn/an}) = [−1, 1] è íåðàâåíñòâ (5.31)

è (5.34) ñëåäóåò (5.30).
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